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1. INTRODUCTION
Let E and E be a real Banach space and the dual space of E, respectively. Let Jq
(q > 1) denote the generalized duality mapping from E into 2E

given by
Jq(x) = ff 2 E : hx;fi = kxkq; kfk = kxkq 1g
for each x 2 E, where h;i denotes the duality pairing between E and E. It is well
known that Jq(x) = kxkq 2J(x) for all x 6= 0. If E is smooth then Jq is single-valued,
which is denoted by jq. The duality mapping J from a smooth Banach space E into
E is said to be weakly sequentially continuous if xn weak convergent to x implies
Jxn weak convergent to Jx. We denote the ﬁxed point set of a nonlinear mapping
T : C ! E by F(T) = fx 2 C : Tx = xg.
Deﬁnition 1.1. A mapping T with domain D(T) and range R(T) in E is called
(i) -strictly pseudocontractive [5] if there exists a constant  > 0 such that
hTx   Ty;jq(x   y)i  kx   ykq   k(I   T)x   (I   T)ykq
c 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for all x;y 2 D(T) and for some jq(x   y) 2 Jq(x   y); or equivalently to
h(I   T)x   (I   T)y;jq(x   y)i  k(I   T)x   (I   T)ykq;
(ii) L-Lipschitzian if there exists a constant L > 0 such that
kTx   Tyk  Lkx   yk
for all x;y 2 D(T).
If 0 < L < 1, then T is a contraction and if L = 1, then T is a nonexpansive
mapping. By deﬁnition, we see that every -strictly pseudocontractive mapping is
(1+
 )-Lipschitzian (see [10]).
Remark 1.2. Let C be a nonempty subset of a real Hilbert space and T : C ! C
be a mapping. Then T is said to be -strictly pseudocontractive [5] if there exists
 2 [0;1) such that
kTx   Tyk2  kx   yk2 + k(I   T)x   (I   T)yk2 (1.1)
for all x;y 2 D(T). It is known that (1.1) is equivalent to
hTx   Ty;x   yi  kx   yk2  
1   
2
k(I   T)x   (I   T)yk2:
In 1953, Mann [18] introduced the following iteration: x1 2 C and
xn+1 = nxn + (1   n)Txn; n  1; (1.2)
where fng  (0;1). It is known as a Mann iteration. If T is a nonexpansive mapping
with a ﬁxed point and the control sequence fng is chosen by
P1
n=1 n(1 n) = 1,
then fxng generated by (1.2) converges weakly to a ﬁxed point of T (this is also valid
in a uniformly convex Banach space with the Fréchet diﬀerentiable norm [23]).
In 1967, Browder-Petryshyn [5] introduced the class of strict pseudocontractions
and proved existence and weak convergence theorems in a real Hilbert setting by
using the Mann iterative algorithm (1.2) with a constant sequence n =  for all n.
Recently, Marino-Xu [19] and Zhou [34] extended the results of Browder-Petryshyn [5]
to Mann’s iteration process (1.2). Zhou [36] also investigated the weak convergence in
a 2-uniformly smooth Banach space. In a much more general setting, Osilike-Udomene
[21], Zhang-Su [33], Zhang-Guo [32] and Zhou [37] investigated the weak convergence
in a q-uniformly smooth Banach space. Since 1967, the construction of ﬁxed points
for pseudocontractions via the iterative process has been extensively investigated by
many authors (see, e.g., [7–9,22]).
In 1967, Halpern [15] introduced the following iteration which is the so-called
Halpern iteration: x1 2 C and
xn+1 = nu + (1   n)Txn; n  1; (1.3)
where fng  (0;1) and u 2 C. It was proved, in a real Hilbert space, the convergence
of fxng to a ﬁxed point of T, where n := n a; a 2 (0;1).
In 1977, Lions [17] obtained a strong convergence of (1.3) still in a real Hilbert
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(C1) limn!1 n = 0,
(C2)
P1
n=1 n = 1,
(C3) limn!1
n n 1
2
n = 0.
Reich [25] extended Halpern’s result to a uniformly smooth Banach space. How-
ever, both Halpern’s and Lions’ conditions imposed on the real sequence fng ex-
cluded the canonical choice n = 1=(n + 1).
In 1992, Wittmann [27] proved, in a real Hilbert space, that the sequence fxng
converges strongly to a ﬁxed point of T if fng satisﬁes the following conditions:
(C1) limn!1 n = 0,
(C2)
P1
n=1 n = 1,
(C3)
P1
n=1 jn+1   nj < 1.
Shioji-Takahshi [26] extended Wittmann’s result to real Banach spaces with uni-
formly Gâteaux diﬀerentiable norms and in which each nonempty closed convex and
bounded subset has the ﬁxed point property for nonexpansive mappings. The concept
of a Halpern iterative scheme has been widely used to approximate the ﬁxed points for
nonexpansive mappings (see, e.g., [2,12,16,24,28,29] and the reference cited therein).
In 2009, Yao et al. introduced in [31] a new modiﬁed Mann iterative algorithm for
a nonexpansive mapping in a real Hilbert space.
Algorithm 1.3. For given x1 2 H, let the sequences fxng and fyng be generated
iteratively by
yn = (1   n)xn;
xn+1 = (1   n)yn + nTyn; n  1:
(1.4)
They proved the following strong convergence theorem for a nonexpansive mapping
in a real Hilbert space.
Theorem 1.4. Let H be a real Hilbert space. Let T : H ! H be a nonexpansive
mapping with F(T) 6= ;. Let fng and fng be two sequences in [0;1]. Assume the
following conditions are satisﬁed:
(C1)
P1
n=1 n = 1,
(C2) limn!1 n = 0,
(C3) n 2 [a;b]  (0;1).
Then the sequence fxng and fyng generated by (1.4) strongly converge to a ﬁxed point
of T.
Motivated and inspired by Marino-Xu [19], Zhang-Su [33], Zhou [34–37] and Yao
et al. [31], we consider the following modiﬁed Mann-type iteration: x1 2 C and
yn = QC
 
(1   n)xn

;
xn+1 = (1   n)yn + nTnyn; n  1;
(1.5)
where fng and fng are real sequences in [0;1] and fTng1
n=1 is a countable family of
strict pseudocontractions on a nonempty, closed and convex subset C of a real Banach
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It is our purpose in this paper to prove a strong convergence of the modiﬁed
Mann-type iteration process (1.5) in the framework of q-uniformly smooth Banach
spaces for a countable family of strict pseudocontractions. The obtained results im-
prove and extend those of Yao et al. [31] in several aspects.
We will use the notation:
* for weak convergence and ! for strong convergence,
!!(xn) = fx : xni * xg denotes the weak !-limit set of fxng.
2. PRELIMINARIES
A Banach space E is said to be strictly convex if
kx+yk
2 < 1 for all x;y 2 E with
kxk = kyk = 1 and x 6= y. A Banach space E is called uniformly convex if for each
 > 0 there is a  > 0 such that for x;y 2 E with kxk;kyk  1 and kx   yk  ,
kx + yk  2(1   ) holds. The modulus of convexity of E is deﬁned by
E() = inf
n
1  
 

1
2
(x + y)
 
 : kxk;kyk  1; kx   yk  
o
;
for all  2 [0;2]. E is uniformly convex if E(0) = 0, and E() > 0 for all 0 <   2. It
is known that every uniformly convex Banach space is strictly convex and reﬂexive. Let
S(E) = fx 2 E : kxk = 1g. Then the norm of E is said to be Gâteaux diﬀerentiable if
lim
t!0
kx + tyk   kxk
t
exists for each x;y 2 S(E). In this case E is called smooth. The norm of E is said
to be Fréchet diﬀerentiable if for each x 2 S(E), the limit is attained uniformly for
y 2 S(E). The norm of E is called uniformly Fréchet diﬀerentiable, if the limit is
attained uniformly for x;y 2 S(E). It is well known that (uniformly) Fréchet diﬀer-
entiability of the norm of E implies (uniformly) Gâteaux diﬀerentiability of the norm
of E.
Let E : [0;1) ! [0;1) be the modulus of smoothness of E deﬁned by
E(t) = sup
n1
2
(kx + yk + kx   yk)   1 : x 2 S(E); kyk  t
o
:
A Banach space E is said to be uniformly smooth if
E(t)
t ! 0 as t ! 0. Let q > 1,
then E is said to be q-uniformly smooth if there exists c > 0 such that E(t)  ctq. It
is easy to see that if E is q-uniformly smooth, then q  2 and E is uniformly smooth.
It is well known that E is uniformly smooth if and only if the norm of E is uniformly
Fréchet diﬀerentiable, and hence the norm of E is Fréchet diﬀerentiable. For more
details, we refer the reader to [1,11].
In 1972, Gossez and Lami [14] gave some geometric properties related to the ﬁxed
point theory for nonexpansive mappings. They proved that a space with a weakly
continuous duality map satisﬁes Opial’s condition [20]. Conversely, if a space satisﬁes
Opial’s condition and has a uniformly Gâteaux diﬀerentiable norm, then it has a
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Let E be a real Banach space, C a nonempty, closed and convex subset of E, and
K a nonempty subset of C. Let Q : C ! K. Then Q is said to be
– sunny if for each x 2 C and t 2 [0;1], we have
Q
 
tx + (1   t)Qx

= Qx;
– a retraction of C onto K if
Qx = x for each x 2 K;
– a sunny nonexpansive retraction if Q is sunny, nonexpansive and retraction onto K.
See also Bruck [6], Goebel-Reich [13] and Reich [24].
In the sequel, we shall need the following lemmas.
Lemma 2.1 ([30]). Let E be a real q-uniformly smooth Banach space. Then the
following inequality holds:
kx + ykq  kxkq + qhy;Jq(x)i + Cqkykq;
for all x;y 2 E and for some Cq > 0.
Lemma 2.2 ([37]). Let C be a nonempty, closed and convex subset of a q-uniformly
smooth Banach space E. Suppose that the generalized duality mapping Jq : E ! E is
weakly sequentially continuous at zero. Let T : C ! E be a -strict pseudocontraction
with 0 <  < 1. Then for any fxng  C, if xn * x and kxn   Txnk ! y 2 E, then
x   Tx = y.
Lemma 2.3 ([29]). Assume fang is a sequence of nonnegative real numbers such that
an+1  (1   n)an + nn; n  1;
where fng is a sequence in (0;1) and fng is a sequence in R such that:
(a)
P1
n=1 n = 1,
(b) limsupn!1 n  0 or
P1
n=1 jnnj < 1.
Then limn!1 an = 0.
To deal with a family of mappings, the following conditions are introduced: Let
C be a subset of a real Banach space E and let fTng1
n=1 be a family of mappings of
C such that
T1
n=1 F(Tn) 6= ;. Then fTng is said to satisfy the AKTT-condition [2] if
for each bounded subset B of C,
1 X
n=1
supfkTn+1z   Tnzk : z 2 Bg < 1:72 Prasit Cholamjiak
Lemma 2.4 ([2]). Let C be a nonempty and closed subset of a Banach space E and
let fTng be a family of mappings of C into itself which satisﬁes the AKTT-condition,
then the mapping T : C ! C deﬁned by
Tx = lim
n!1
Tnx for each x 2 K
satisﬁes
limsup
n!1
fkTz   Tnzk : z 2 Bg = 0
for each bounded subset B of C.
The following results can be found in [3,4].
Lemma 2.5 ([3,4]). Let C be a closed and convex subset of a smooth Banach space
E. Suppose that fTng1
n=1 is a family of -strictly pseudocontractive mappings from
C into E with
T1
n=1 F(Tn) 6= ; and fng1
n=1 is a real sequence in (0;1) such that P1
n=1 n = 1. Then the following conclusions hold:
(1) G :=
P1
n=1 nTn : C ! E is a -strictly pseudocontractive mapping,
(2) F(G) =
T1
n=1 F(Tn).
Lemma 2.6 ([4]). Let C be a closed and convex subset of a smooth Banach space E.
Suppose that fSkg1
k=1 is a countable family of -strictly pseudocontractive mappings
of C into itself with
T1
k=1 F(Sk) 6= ;. For each n 2 N, deﬁne Tn : C ! C by
Tnx =
n X
k=1
k
nSkx; x 2 C;
where fk
ng is a family of nonnegative numbers satisfying:
(i)
Pn
k=1 k
n = 1 for all n 2 N,
(ii) k := limn!1 k
n > 0 for all k 2 N,
(iii)
P1
n=1
Pn
k=1 jk
n+1   k
nj < 1.
Then:
(1) Each Tn is a -strictly pseudocontractive mapping.
(2) fTng satisﬁes AKTT-condition.
(3) If T : C ! C is deﬁned by
Tx =
1 X
k=1
kSkx; x 2 C;
then Tx = limn!1 Tnx and F(T) =
T1
n=1 F(Tn) =
T1
k=1 F(Sk).
In what follows, we will write (fTng;T) satisﬁes the AKTT-condition if fTng sat-
isﬁes the AKTT-condition and T is deﬁned by Lemma 2.4 with F(T) =
T1
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3. MAIN RESULTS
Theorem 3.1. Let E be a real q-uniformly smooth Banach space which satisﬁes
Opial’s condition and C a nonempty, closed and convex subset of E. Let QC be a
sunny nonexpansive retraction from E onto C. Let fTng1
n=1 : C ! C be a family of
-strict pseudocontractions (0 <  < 1) such that F :=
T1
n=1 F(Tn) 6= ;. Assume
that real sequences fng and fng in (0;1) satisfy the following conditions:
(C1)
P1
n=1 n = 1,
(C2) limn!1 n = 0,
(C3) 0 < a  n  ,  = min

1;(
q
Cq)
1
q 1
	
.
Suppose that (fTng;T) satisﬁes the AKTT-condition. Then the sequences fxng and
fyng generated by (1.5) converge strongly to a common ﬁxed point of fTng1
n=1.
Proof. First, we prove that fxng is bounded. For each p 2 F, it follows from
Lemma 2.1 that
kxn+1   pkq = k(yn   p) + n(Tnyn   yn)kq 
 kyn   pkq + qnhTnyn   yn;jq(yn   p)i + Cqq
nkyn   Tnynkq 
 kyn   pkq   qnkyn   Tnynkq + Cqq
nkyn   Tnynkq =
= kyn   pkq   n(q   Cqq 1
n )kyn   Tnynkq:
(3.1)
This implies by (C3) that
kxn+1   pk  kyn   pk = kQC
 
(1   n)xn

  QCpk  k(1   n)xn   pk 
 (1   n)kxn   pk + nkpk  maxfkxn   pk;kpkg:
(3.2)
By induction, we get that fxng is bounded, so is fyng. Observing
kyn   Tnynk =
1
n
kyn   xn+1k; (3.3)
we have from (3.1) that
kxn+1   pkq  kyn   pkq   n(q   Cqq 1
n )kyn   Tnynkq =
= kyn   pkq   (q1 q
n   Cq)kyn   xn+1kq 
 kxn   p   nxnkq   (q1 q   Cq)kyn   xn+1kq 
 kxn   pkq   qnhxn;jq(xn   p)i + Cqq
nkxnkq 
  (q1 q   Cq)kyn   xn+1kq:
(3.4)
Since fxng is bounded, there exists a constant M  0 such that
kxn+1   pkq   kxn   pkq + kkyn   xn+1kq  Mn; (3.5)74 Prasit Cholamjiak
where k = q1 q   Cq.
To this end, we divide the proof into two cases.
Case 1. Assume that the sequence fkxn   pkg1
n=1 is monotone decreasing. Then
fkxn   pkg1
n=1 is convergent for all p 2 F. So from (3.5) and (C2) we get that
lim
n!1kyn   xn+1k = 0: (3.6)
Combining (3.3) and (3.6), it follows from (C3) that
lim
n!1kyn   Tnynk = 0: (3.7)
On the other hand, we see that
kyn   xnk = kQC
 
(1   n)xn

  QCxnk 
 k(1   n)xn   xnk = nkxnk ! 0;
(3.8)
as n ! 1. Hence
kxn   Tnxnk  kxn   ynk + kyn   Tnynk + kTnyn   Tnxnk 


1 +
1 + 


kxn   ynk + kyn   Tnynk:
From (3.7) and (3.8) we obtain that
lim
n!1kxn   Tnxnk = 0: (3.9)
Since (fTng;T) satisﬁes the AKTT-condition, it follows from Lemma 2.4 and (3.9)
that
kxn   Txnk  kxn   Tnxnk + kTnxn   Txnk 
 kxn   Tnxnk + sup
z2fxng
kTnz   Tzk ! 0;
as n ! 1. Note that E satisﬁes Opial’s condition. Since E is q-uniformly smooth, the
norm of E is uniformly Fréchet diﬀerentiable and hence the norm of E is uniformly
Gâteaux diﬀerentiable. By Gossez and Dozo [14], we know that jq is weakly sequen-
tially continuous at zero. So by Lemma 2.2 we get that !!(xn)  F(T) = F. Opial’s
condition ensures that !!(xn) is a singleton. Without lost of generality, we assume
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Next, we prove that xn ! x 2 F. From (3.2) we see that
kxn+1   xkq  kyn   xkq  k(1   n)(xn   x)   nxkq 
 (1   n)qkxn   xkq + Cqq
nkxkq 
  qn
D
x;jq
 
(1   n)(xn   x)
E
=
= (1   n)qkxn   xkq + Cqq
nkxkq 
  qnk(1   n)(xn   x)kq 2
D
x;j
 
(1   n)(xn   x)
E
=
= (1   n)qkxn   xkq + Cqq
nkxkq 
  qn(1   n)q 1kxn   xkq 2

x;j(xn   x)

=
= (1   n)qkxn   xkq + Cqq
nkxkq 
  qn(1   n)q 1

x;jq(xn   x)


 (1   n)kxn   xkq+
+ n

Cqq 1
n kxkq   q(1   n)q 1

x;jq(xn   x)

=
= (1   n)kxn   xkq + nn;
(3.10)
where
n = Cqq 1
n kxkq   q(1   n)q 1

x;jq(xn   x)

:
It is easy to see that n ! 0 as n ! 1. By Lemma 2.3, we conclude that xn ! x as
n ! 1 and hence yn ! x as n ! 1.
Case 2. Assume that fkxn  pkg1
n=1 is not monotone decreasing. Set  p
n = kxn   pkq
for each p 2 F and n 2 N, and let  : N ! N be a mapping for all n  n0 (for some
n0 large enough) by
(n) = maxfk 2 N : k  n;  
p
k   
p
k+1g:
Clearly  is a non-decreasing sequence such that (n) ! 1 as n ! 1 and
 
p
(n)   
p
(n)+1 for n  n0 and p 2 F. From (3.5) we see that
ky(n)   x(n)+1kq 
M(n)
k
! 0;
as n ! 1. Hence
lim
n!1
ky(n)   x(n)+1k = 0:
By the same argument as the proof in Case 1, we conclude that x(n) * x 2 F as
(n) ! 1. From (3.10), we see that, for all n  n0,
0  kx(n)+1   xkq   kx(n)   xkq 
 (n)

Cq
q 1
(n)kxkq   q(1   (n))q 1

x;jq(x(n)   x)

  kx(n)   xkq

:
This implies that
kx(n)   xkq  Cq
q 1
(n)kxkq   q(1   (n))q 1

x;jq(x(n)   x)

:76 Prasit Cholamjiak
Hence
lim
n!1kx(n)   xk = 0:
Therefore,
lim
n!1
 x

(n) = lim
n!1
 x

(n)+1 = 0:
Moreover, for n  n0, we see that  x

n   x

(n)+1 if n 6= (n) (that is, (n) < n),
because  x

j >  x

j+1 for (n)+1  j  n. As a consequence, we obtain for all n  n0,
0   x

n  maxf x

(n);  x

(n)+1g =  x

(n)+1:
It follows that limn!1  x

n = 0 and hence xn ! x and yn ! x as n ! 1. This
completes the proof.
As a direct consequence of Lemma 2.5, Lemma 2.6 and Theorem 3.1, we obtain
the following result.
Theorem 3.2. Let E be a real q-uniformly smooth Banach space which satisﬁes
Opial’s condition and C a nonempty, closed and convex subset of E. Let QC be a
sunny nonexpansive retraction from E onto C. Let fSkg1
k=1 be a sequence of k-strict
pseudocontractions of C into itself such that
T1
k=1 F(Sk) 6= ; and inffk : k 2 Ng =
 > 0. Deﬁne the sequence fxng by x1 2 C,
yn = QC
 
(1   n)xn

;
xn+1 = (1   n)yn + n
n X
k=1
k
nSkyn; n  1;
where fng and fng are real sequences in (0;1) satisfying (C1)-(C3) of Theorem 3.1
and fk
ng is a real sequence satisfying (i)-(iii) of Lemma 2.6. Then fxng and fyng
converge strongly to a common ﬁxed point of fSkg1
k=1.
Remark 3.3. Since every Hilbert space is a q-uniformly smooth Banach space and
satisﬁes Opial’s condition, Theorems 3.1 and 3.2 hold in real Hilbert spaces.
Remark 3.4. Theorems 3.1 and 3.2 extend and improve the main result of Yao et
al. [31] in the following senses:
(i) from real Hilbert spaces to real q-uniformly smooth Banach spaces which satisfy
Opial’s condition,
(ii) from a nonexpansive mapping to an inﬁnitely countable family of strict pseudo-
contractions.
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